Spontaneous symmetry breaking (SSB) for Bose-Einstein condensates cannot treat phase offdiagonal effects, and thus not explain Bell inequality violations. We describe another situation that is beyond a SSB treatment: an experiment where particles from two (possibly macroscopic) condensate sources are used for conjugate measurements of the relative phase and populations.
If two or more Bose-Einstein condensates (BEC) merge, they produce an interference pattern in their densities, as shown by spectacular experiments with alkali atoms [1] . The usual explanation assumes spontaneous symmetry breaking (SSB) of particle number conservation, where each condensate gets a (random) classical phase and a macroscopic wave function:
ψ α,β (r) = n α,β (r) e iφ α,β (r) (1) where n α,β (r) and φ α,β are density and phases of condensates α, β. Alternatively, one can use a "phase state" describing two condensates with a relative phase φ and a fixed total number of particles:
where a † α and a † β create particles in condensates α and β, respectively. However, one can also consider that two condensates are more naturally described by a double Fock state (DFS), a state of definite particle numbers, for which the phase is completely undetermined:
It is found [2] - [4] that repeated quantum measurements of the relative phase of two Fock states can make a well-defined value emerge spontaneously, but with a random value. For example, the probability of finding M particles, out of a total of N , at positions r 1 . . . r M where M ≪ N is shown to be given by [3, 4] :
Positions can be obtained one by one from this distribution; for large enough M the integrand peaks sharply [5] at a single value, just as a particular phase is found in the interference measurement of Ref. [1] .
One can ask whether the SSB approach is appropriate [6] and whether it gives complete information [4] . Indeed we will show that the assumption that the condensates are described by Eq. (3) gives a broader range of physical possibilities, which are unavailable when using Eq. (2). The additional effects involve phase off -diagonal terms, which can result in (I) violations of local realism, i.e. violations of Bell inequalities, and (II) the occurrence of quantum interference between macroscopically distinct states (QIMDS), as discussed by
Leggett [7] . Neither of these effects is available in the SSB treatment. We have previously Here we discuss an experiment where particles from each of two Bose condensate sources are either deviated via a beam splitter to a side collector or proceed to an interferometer. The measurements in the interferometer create the two branches, and the detection in the side detectors (involving the connecting G operator) allows the observation of the off-diagonal matrix elements of the two components. In recent years several experiments have begun to make progress toward the goal set by Leggett, by use of large atoms [9] , superconductors [10] , magnetic molecules [11] , a quantum dot "molecule" [12] , and photons [13] , and including a
Bell inequality violation in a Josephson phase qubit [14] . Detectors 3 and 4 record m α and m β particles respectively; although they seem to measure only the source populations, they are actually sensitive to QIMDS, as we will see.
With a single quantum particle crossing two slits, which act as sources giving rise to interference, one can measure either the interference pattern and have access to the relative phase of the sources, or from which source the particle comes; they are exclusive measurements. Here, because condensates provide many particles in the same quantum state, some of them can be used for a phase measurement, others for a source measurement.
The destruction operators a 1 , a 2 , a 3 and a 4 associated with the output modes of the interferometer can be written in terms of the source mode operators, a α and a β , by tracing back from the detectors to the sources, with a factor 1/ √ 2 at each beam splitter and a phase shift of π/2 at each reflection:
The probability amplitude for finding particle numbers {m 1 , m 2 , m α , m β } is:
The double Fock state (DFS) |N α N β can be expanded in phase states as:
where the phase state having constant total numbers of particles is given by Eq. (2). These states have the property that, for a i = v iα a α + v iβ a β (i = 1, 2):
so that the state created by the interferometer is:
where M = m 1 + m 2 and:
If we take θ = π/2 (as we do henceforth) this takes the simple form: This is not surprising: classically, the ratio of the intensities in the output arms of the interferometer determines the absolute value or the phase difference between the two input beams, but not its sign. Separating the negative and positive contribution of φ provides:
Let us begin with a qualitative calculation. We assume that M is large, so that the peaks are sharp and:
These two wave-function branches are orthogonal for large M for any φ 0 not too near zero;
and they are macroscopic as long as N − M is large.
Showing QIMDS requires making a measurement that is sensitive to the interference between the two components; this is the role of the side-detectors shown in Fig. 1 . Because a mα 3 a m β 4 |±φ 0 , N − M ∼ e ±im β φ 0 |0 , the probability of getting the set {m 1 , m 2 , m α , m β } becomes:
(if N α = N β ), where the cosine terms arises from the sum of the two cross terms
ψ ∓ . Now, if one does the interferometer experiment for fixed source numbers, say, N α = N β , and considers only those experiments having the same m 1 , m 2 , then the interference between the two elements will show up in a cosine variation of probability with m α . We call this effect "population oscillations"; it was already discussed in Ref. [8] for three-condensate experiments.
These oscillations are beyond SSB since they disappear if one starts from either (1) Actually the angle χ plays no role at all in this dependence, which is natural since detectors 3 and 4 do not see an interference effect between two beams; they just measure the intensities of two independent sources after a beam splitter at their output.
A more accurate calculation is now presented. Operating on Eq. (9) with a mα 3 a m β 4 , and forming the probability introduces another angle φ ′ , so that the probability for finding the set {m 1 , m 2 , m α , m β } takes the form:
We note that one phase branch peak occurs for −π ≤ φ ≤ 0 and the other for 0 ≤ φ ≤ π, so that the overlap between different branches occurs for φ ′ = φ. A change of variables to Λ = (φ − φ ′ )/2 and λ = π/2 − θ + (φ + φ ′ )/2 leads to:
When θ = π/2 the "classical phase angle" λ is half the sum of φ and φ ′ . The expresssion also contains another angle, Λ, which we call the "quantum angle" -in Ref. [4] it appeared as a consequence of a conservation rule, but here we introduce it to characterize quantum interference effects between different values of the phase.
To examine the behavior of the probability, we plot the quantity:
We take N α = N β = M = 100 in our examples here. F (Λ, λ) has multiple peaks as shown in Fig. 3 for m 1 = 17. The extrema are easily shown to occur at: The analysis of Bell violations in Ref. [4] shows that one single missed particle cancels the violation. The population oscillations have no special relation to locality, and they are more robust. We have shown that, by proper selection of m 1 and m 2 , one can preserve a small central with as many as 5 particles lost.
In conclusion, two kinds of interference effects occur. One produces the fringes seen in the MIT experiments in the merging of two Bose condensates. This effect can be explained
